We prove that the image of a finely holomorphic map on a fine domain in C is a pluripolar subset of C n . We also discuss the relationship between pluripolar hulls and finely holomorphic functions.
automatically −∞ on a larger set. For example, if the −∞ locus of a PSH function ϕ contains a non-polar piece of a complex analytic variety A, then the set {z ∈ C n : ϕ(z) = −∞} must contain all the points of A. However, by a suitable choice of parameters in Wermer's famous example (cf. [26] ), Levenberg (see [18] ) constructed an example of a compact non-complete pluripolar set which hits every complex analytic variety in a polar set. More recently, Coman, Levenberg, and Poletsky (see [21] ) have constructed a non-pluripolar set which intersects every complex analytic disc in a discrete set. These two important results reflect the complicated nature of the structure of pluripolar sets and the curious phenomenon of propagation they exhibit. In recent years, completeness of pluripolar sets has received growing attention from several mathematicians, and in particular cases many results were obtained. (See [3] , [4] , [5] , [6] , [18] , [21] , [25] , [27] , [29] ). But our knowledge and understanding of the general situation is fragmentary, and a good characterization of complete pluripolar sets is still lacking, even in the case of the graph of an analytic function.
Recently, in [6] Edlund and Jöricke have surmised that the propagation of the graph of a holomorphic function (as a pluripolar set) might be related to some "fine analytic continuation" of the function. This intuitive feeling was of course suggested by their following important result.
(see [6] theorem 1). The definition of the pluripolar hull and necessary preliminaries about finely holomorphic functions are presented in Section 2.
In view of this result, it is reasonable to try to investigate the connection between finely holomorphic functions and pluripolar sets. Using some fundamental results from fine potential theory that were obtained by Fuglede, it turns out that we can easily prove interesting results. Moreover, the method we develop here may also be used to give shorter proofs of known results about pluripolar hulls.
We start with a generalized and more precise version of Theorem 1.1. 
The next results are the main results of this paper. The proofs require two lemmas and will be given in Section 3.
As a consequence of the inversion theorem for finely holomorphic functions (cf. ( [11] , Theorem 13)) we can put Proposition 1.3 in the following more general form
For example, suppose that K ⊂ C is a compact set with non-empty fine interior K ′ . Every function f ∈ R(K) (the uniform closure of the algebra of restrictions to K of holomorphic functions in open sets containing K) is finely holomorphic in K ′ (cf. [11] , page 75). Hence, by the above
that K may not have any Euclidean interior points.
For n = 1, a partial converse of Proposition 1.3 was proved by Tomas Edlund in his thesis [5] .
Namely, he proved that if f is a function of class C 2 on a finely open set V , and the graph Γ f (V ) of f is pluripolar, then f is finely holomorphic in V . Edlund's result together with our Proposition 1.3 give actually (in the particular case n = 1) a partial "fine" analog of the important theorem of N. V. Shcherbina that was obtained shortly before (see [24] ). Shcherbina's results asserts that the graph Γ f (Ω) of a continuous function f on an open set Ω ⊂ C n is pluripolar subset of C n+1 if and only if f is holomorphic. It is therefore a natural question to ask whether the C 2 -regularity in Edlund's theorem can be weakened to just fine continuity.
In the light of a recent result (Theorem 2.1 below) obtained by the first and the third author (see [3] , [4] ), we will deduce from our method the following precise and complete description of the pluripolar hull of graphs of holomorphic functions that have a polar singularity set. 
, wheref is the finely holomorphic extension of f at {z 0 } ∪ D\A.
The proofs of the above results are given in Section 3. Our arguments rely heavily on results from fine potential theory. Since this theory is not of a very common use in the study of pluripolar sets, we will recall some basic facts about it. This is done in Section 2. In Section 4 we discuss some consequences of Theorem 1. 4 and some open problems.
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Preliminaries

Pluripolar hulls
Let E be pluripolar set in C n . The pluripolar hull of E relative to an open subset Ω of C n is the set E * Ω = {z ∈ Ω : for all ϕ ∈ PSH(Ω) :
The notion of the pluripolar hull was first introduced and studied by Zeriahi in [28] . The paper [19] of Levenberg and Poletsky contains a more detailed study of this notion.
Let f be a holomorphic function in an open set Ω ⊆ C n . We denote by Γ f (Ω) the graph of f over Ω,
It is immediate that Γ f (Ω) is a pluripolar subset of C n+1 . The pluripolar hull of the graph of a holomorphic functions was studied in several papers. (See [3] , [4] , [5] , [6] , [25] , [27] , [29] ).
Of particular interest for our present considerations is the following (see [3] , [4] ). 
Fine potential theory
In this subsection we gather some definitions and known results from fine potential theory that we will need later on.
Recall that the fine topology on C is the weakest topology on C making all subharmonic functions continuous. Fuglede proved in [8, page 92] that the fine topology is locally connected, and that every usual domain is also a fine domain.
Recall also the following very useful result (see e.g. [2] , page 181).
Theorem 2.2 ( Quasi-Lindelöf property) An arbitrary union of finely open subsets of C differs from a suitable countable subunion by at most a polar set.
In the seventies, the theory of harmonic and subharmonic functions was extended to include finely harmonic and finely subharmonic functions, allowing therefore analogous functions to be defined on finely open sets (open w.r.t the fine topology). We refer the reader to the excellent book of Fuglede [8] . For convenience we recall the following.
Definition 2.3 A function ϕ : U −→ [−∞, +∞[ defined on a finely open set U ⊆ C is said to be finely hypoharmonic if ϕ is finely upper semicontinuous and if
ϕ(z) ≤ ϕdε C\V z , ∀z ∈ V ∈ B(U ).
(It is part of the requirement that the integral exists). ϕ is finely subharmonic if, moreover, ϕ is finite on a finely dense subset of U .
Here B(U ) denotes the class of all finely open sets V of compact closure V (in the usual topology) contained in U , and ε C\V z is the swept-out of the Dirac measure ε z onto C\V . It is carried by the fine boundary ∂ f V of V (see e.g. [8] ). This swept-out measure boils down to the usual harmonic measure if V is a usual open set.
In a usual open set in C finely subharmonic functions are just subharmonic ones, and the restriction of a usual subharmonic function to a finely open set is finely subharmonic.
We will repeatedly use the following important theorem (see [8] , page 158).
Theorem 2.4 Let h : U −→ [−∞, +∞[ be a finely hypoharmonic function on a fine domain U ⊂ C.
Then either the set {z ∈ U : h(z) = −∞} is a polar subset of U and h is finely subharmonic, or h ≡ −∞.
Finely holomorphic functions
Shortly after that fine potential theory was established, several authors turned their attention to developing the analog of holomorphic functions on a fine domain. The first definition of a finely holomorphic function on a fine domain U ⊆ C was given by Fuglede in [10] . For a compact K ⊂ C let R(K) be the uniform closure of the holomorphic functions defined on a neighbourhood of K.
For the following definition, note that the fine topology has a neighbourhood basis of Euclidean compact sets, (see e.g. [2] , page 167). 
Finely holomorphic functions were studied in several papers. (See [1] , [10] , [11] , [12] , [14] , [22] , [23] ). Most authors have used probabilistic methods, sometimes combined with the theory of uniform algebras. Fuglede, however, has a completely different approach. Using analytic methods, he obtained several interesting results and characterizations of these functions (see [9] , [10] , [11] , [14] and the references therein).
We will need the following theorem from [11] . 
Recall that finely holomorphic functions on a usual open set are also holomorphic in the usual sense (cf. [11] , page 63).
Finely holomorphic functions share many properties with ordinary ones. For future reference let us collect here the following properties from [11] as follows Theorem 2.7 1) A finely holomorphic function f on a fine domain has at most countably many zeros (unless f ≡ 0).
2) A finely holomorphic function f is infinitely finely differentiable, and all its fine derivatives f (n)
are finely holomorphic. 
Proofs
The key to our proof of Theorem 1.4 is Theorem 2.6 together with the following result. Proof. First, we assume that h is everywhere finite and continuous. Let a ∈ U . It follows from Definition 2.5 that one can choose a compact (in the usual topology) fine neighbourhood K of a in U , and n sequences (f k j ) k≥0 , j = 1, ..., n, of holomorphic functions defined in Euclidean neighbourhoods of K such that
Clearly, (f k 1 , ..., f k n ) converges uniformly on K to (f 1 , ..., f n ). Since h is continuous, the sequence h(f k 1 , ..., f k n ), of finite continuous subharmonic functions, converges uniformly to h(f 1 , ..., f n ) on K. According to ([13] , Theorem 4), h(f 1 , ..., f n ) is finely subharmonic in the fine interior of K.
Suppose now that h is arbitrary. Let (h m ) m≥0 be a decreasing sequence of continuous plurisubharmonic functions which converges (pointwise) to h. By the first part of the proof, h m (f 1 , ..., f n ) is a decreasing sequence of finely subharmonic functions in the fine interior of K. The limit h(f 1 , ..., f n ) is therefore finely hypoharmonic in the fine interior of K (cf. [8] , Corollary 2, page 84). We have now proved that h(f 1 , ..., f n ) is finely hypoharmonic in a fine neighbourhood of a. Finely, Theorem 12.9 in [8] combined with the sheaf property of finely hypoharmonic function (cf. [8] , page 70) implies that h(f 1 , ..., f n ) is indeed finely subharmonic in all of U or identically equal to −∞.
Remark 1
The above lemma was also independently proved by Fuglede.
The following lemma is a particular case of Theorem 1.4. It serves as a stepping stone towards the proof of Proposition 1.3. (f 1 (z) , ..., f n (z)), be a finely holomorphic map on a fine domain U ⊂ C which contains a disc with positive radius. Then f (U ) is a pluripolar subset of C n .
Proof. Let D(a, δ) ⊂ U be a small disc in U . Since f is a holomorphic map on D(a, δ) (see e.g. [11] ), page 63), f (D(a, δ) ) is a pluripolar subset of C n . By Josefson's theorem there exists a plurisubharmonic function h ∈ PSH(C n ) ( ≡ −∞) such that h (f 1 (z) , ..., f n (z)) = −∞, ∀z ∈ D(a, δ).
According to Lemma 3.1, the function g(z) = h (f 1 (z) , ..., f n (z)) is finely subharmonic on U or ≡ −∞. Since it assumes −∞ on a non polar subset of U , it must be identically equal to −∞ on U by Theorem 2.4. Hence h| f (U ) = −∞, and f (U ) is therefore pluripolar.
Using now Lemma 3.1 combined with the same arguments as in the above proof, we can give a simple proof of theorem 1.2.
Proof of Theorem 1.2. Denote by g the finely holomorphic function which is equal to f on U and to F on V . Let h ∈ PSH(C 2 ) be a plurisubharmonic function such that h(z, f (z)) = −∞, ∀z ∈ U .
According to Lemma 3.1, the function z → h(z, g(z)) is finely subharmonic on U ∪ V or ≡ −∞.
Moreover, it assumes −∞ on the non-polar set U . Since U ∪ V is a fine domain, Theorem 2.4 asserts that h(z, g(z)) must be identically
The second statement can be proved similarly. See Proposition 4.1 below for a more general results.
Remark 2 The proof of Theorem 1.1 given by Edlund and Jöricke in [6] uses rather complicated harmonic measure estimates. In fact, the harmonic measure (especially, the two constant theorem) is the main ingredient in the study of pluripolar hulls. Its use has become quite standard. However, Lemma 3.1 combined with Theorem 2.4 provides an efficient alternative of the harmonic measure in some situations.
Proof of Proposition 1.3.
Since the fine topology is locally connected (cf. [7] , Theorem 4), it follows from the Quasi-Lindelöf property that U has at most countably many finely connected components (see e.g. [7] , page 235). Because a countable union of pluripolar sets is pluripolar, there is no loss of generality if we assume that the set U is a fine domain. Let a ∈ U . According to Theorem 2.6 there exist V ⊂ U a finely open fine neighbourhood of a, and ϕ j ∈ L 2 (C), j = 1, ..., n, with compact support such that ϕ j = 0, j = 1, ..., n, a.e. in V and
Since the fine topology is locally connected (cf. [7] , Theorem 4), we can assume that V is finely connected. Let z 0 ∈ V and 0 < δ < 1 such that a ∈ D(z 0 , δ). Choose a smooth function ρ such that ρ ≡ 1 on D(z 0 , δ/2) and ρ ≡ 0 on C\D(z 0 , δ). Then
We set
It is clear that f 2 j , j = 1, ..., n, is holomorphic on D(z 0 , δ/2) and finely holomorphic on the finely open set V ∪ D(z 0 , δ/2). Since usual domains are also finely connected V ∪ D(z 0 , δ/2) is finely connected. Now, by Lemma 3.2, the image of
Since f 1 j , j = 1, ..., n, is holomorphic on C\D(z 0 , δ), the function g :
is holomorphic on C\D(z 0 , δ) × C n . Hence h • g is plurisubharmonic on C\D(z 0 , δ) × C n and clearly not identically equal to −∞. Moreover, we have :
This proves that the graph {(z,
is a finely open set containing the point a.
Again, by Josefson's theorem, there exists a plurisubharmonic functions ψ ∈ PSH(C n+1 ) such that
In view of Lemma 3.1 the function z −→ ψ(z, f 1 (z), ..., f n (z)) is finely subharmonic in U or ≡ −∞.
Since it assumes −∞ on the non polar set V ∩ C\D(z 0 , δ), it must be identically equal to −∞ on U by Theorem 2.4. This completes the proof of the proposition. 
where w = f 1 (z). Since the composite of two finely holomorphic functions is finely holomorphic (cf [11] , Theorem 13), the map w → (f 2 (f
1 (w))) is finely holomorphic in f 1 (W ). In view of Proposition 1.3 the graph
is pluripolar subset of C n . Again, Josefson's theorem ensures the existence of a plurisubharmonic
By Lemma 3.1, the function z → h(f 1 (z), ..., f n (z)) is either finely subharmonic or identically equal to −∞. Since it assumes −∞ on the non polar subset W ⊂ U , we must have h(f (U )) = −∞ by 
Concluding remarks and open questions
We now discuss some applications and open problems. Let U ⊂ C be a bounded fine domain and let f : U −→ C n be a finely holomorphic map. We call f (U ) a finely analytic curve. Let E ⊂ C n be a pluripolar set and E * C n its pluripolar hull. It follows from the arguments used before that if E hits a finely analytic curve f (U ) in some non "small" set, then E * C n contains all the points of f (U ). Namely, we have the following. 
Proof. Let h ∈ PSH(C n ) be a plurisubharmonic function such that h(z) = −∞, ∀z ∈ E. By Lemma 3.1, h • f is either finely subharmonic on U or ≡ −∞. As it assumes −∞ on f −1 (f (U ) ∩ E), it must be, by Theorem 2.4, identically −∞ on U . We have therefore f (U ) ⊂ E * C n . The conclusion of the above proposition remains valid if one assumes that E contains merely the "boundary of a finely analytic curve". 
Proof. Let h ∈ PSH(C n ) be plurisubharmonic function such that h(z) = −∞, ∀z ∈ E. Let a ∈ ∂ f U . By assumption, f has a fine limit at a. Using Cartan's theorem (cf. Our results reveal a very close relationship between the pluripolar hull of the graph of a holomorphic function and the theory of finely holomorphic functions (see also [6] ). This leads naturally to the following fundamental problem. Suppose that the graph Γ f (Ω) of f over Ω is not complete pluripolar. Must then (Γ f ) * C 2 \Γ f (Ω) have a fine analytic structure? i.e., Let z ∈ (Γ f ) * C 2 \Γ f (Ω). Must there exist a finely analytic curve passing through z and contained in (Γ f ) * C 2 \Γ f (Ω)? Obviously, a positive answer to the above problem would, in particular, solve the following problem posed in [6] .
Problem 2. Let f be a holomorphic function in the unit disc D. Suppose that (Γ f ) * C 2 is the graph of some function F. Is F a finely holomorphic continuation of f ?
As we mentioned in the introduction, one can not detect "pluripolarity" via intersection with one dimensional complex analytic varieties (see [21] ). Since there are, roughly speaking, much more finely analytic curves in C n than analytic varieties, one can naturally pose the following Problem 3. Let K be a compact set in C n and suppose that f −1 (K ∩ f (U )) is a polar subset of U (or empty) for any finely analytic curve f : U −→ C n . Must K be a pluripolar subset of C n ?
